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Fluid domain

z = zb(x)

z = η(t, x)

h(t, x) u = (u,w)

x

z

Water height:
h(t, x) = η(t, x)− zb(x)
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Literature about free-surface flows

Free-surface
incompressible

Euler equations
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Euler equations

Model 
∂xu + ∂zw = 0

∂tu + ∂x(u2 + p) + ∂z(uw) = 0

∂tw + ∂x(uw) + ∂z(w2 + p) = −g

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Boundary conditions

∂tη(t, x) + u
(
t, x , η(t, x)

)
∂xη(t, x)− w

(
t, x , η(t, x)

)
= 0

p
(
t, x , η(t, x)

)
= patm(t, x)

u
(
t, x , zb(x)

)
z ′b(x)− w

(
t, x , zb(x)

)
= 0

together with well-prepared initial conditions

Pressure fields p(t, x , z) = patm(t, x) + g
(
η(t, x)− z

)
+q(t, x , z)
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Euler equations

Model 
∂xu + ∂zw = 0

∂tu + ∂x(u2 + q) + ∂z(uw) = −∂x(gη + patm)

∂tw + ∂x(uw) + ∂z(w2 + q) = 0

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Energy equality

∂t

(
u2 + w2

2

)
+ ∂x

[
u

(
u2 + w2

2
+ q + gη

)]
+ ∂z

[
w

(
u2 + w2

2
+ q + gη

)]
= 0
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α – Depth-averaged Euler models

Model 

∂th + ∂x(hū) = 0

∂t(hū) + ∂x

(
hū2 + g

h2

2
+ hq

)
= −

(
α2

2
q + gh

)
∂xzb

∂t(hw̄) + ∂x(hūw̄) = αq

αw̄ + h∂x ū −
α2

2
ū∂xzb = 0

Literature

§ α = 2: see Äıssiouène, Bristeau, Godlewski, Sainte-Marie

§ α =
√

3 with a flat topography: see Lannes, . . .
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∂t

(
h
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+ g
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+ ghzb

)
+ ∂x

[
hū

(
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2
+ q + gη
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Serre – Green-Naghdi model

Model 

∂th + ∂x(hū) = 0

∂t(hū) + ∂x

(
hū2 + g

h2

2
+ hq

)
= − (qb + gh) ∂xzb

∂t(hw̄) + ∂x(hūw̄) = qb

∂t(hσ) + ∂x(hσū) = 2
√

3
(
q − qb

2

)
2
√

3σ + h∂x ū = 0

w̄ −
√

3σ − ū∂xzb = 0
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Serre – Green-Naghdi model

Model 

∂th + ∂x(hū) = 0

∂t(hū) + ∂x

(
hū2 + g

h2

2
+ hq

)
= − (qb + gh) ∂xzb

∂t(hw̄) + ∂x(hūw̄) = qb

∂t(hσ) + ∂x(hσū) = 2
√

3
(
q − qb

2

)
2
√

3σ + h∂x ū = 0

w̄ −
√

3σ − ū∂xzb = 0

Energy equality

∂t

(
h
ū2 + w̄2 + σ2

2
+ g

h2

2
+ ghzb

)
+ ∂x

[
hū

(
ū2 + w̄2 + σ2

2
+ q + gη

)]
= 0

c
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Serre – Green-Naghdi model

Equivalent formulation{
∂th + ∂x(hu) = 0(
Id + T [h, zb]

)
(∂tu + u∂xu) + g∂x(h + zb) +Q[h, zb]u = 0

where

T [h, zb]v = R1[h, zb](∂xv) +R2[h, zb](v∂xzb)

Q[h, zb]v = −2R1[h, zb]
(

(∂xv)2
)

+R2[h, zb](v2∂2
xxzb)

R1[h, zb]w = − 1

3h
∂x(h3w)− h

2
w∂xzb

R2[h, zb]w =
1

2h
∂x(h2w) + w∂xzb
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Serre – Green-Naghdi model

Another formulation

12
q

h∗
− h∗∂x

(
∂x(h∗q)

h∗

)
− 6

qb
h∗
− h∗∂x

(qb
h∗
∂xzb

)
= 2h(∂xu)2 + h∂x(g∂x(zb + h) + ∂xp

atm)(
4 + (∂xzb)2

) qb
h∗
− 6

q

h∗
+ ∂xzb

∂x(h∗q)

h∗

= u2∂2
xxzb − (g∂x(zb + h) + ∂xp

atm)∂xzb

Energy ∫
I

(∂x(h∗q) + qb∂xzb)2 + 3q2 + (3q − 2qb)2

h∗
dx = `(q, qb)
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Serre – Green-Naghdi model

Compact form 
∂th + ∂x(hū) = 0

∂t(hX) + ∂x(hūX) +∇sgn Q− S(h) = 0

∇sgn·X = 0

with

X =


u

w

σ

 ∇sgn Q =


∂x(hq) + qb∂xzb

−qb
−2
√

3
(
q − qb

2

)


Q =

 q

qb

 ∇sgn·X =

 2
√

3σ + h∂x ū

w̄ −
√

3σ − ū∂xzb


X · ∇sgn Q = ∂x(hqu)−Q · ∇sgn·X
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Numerical strategy

Model 
∂th + ∂x(hū) = 0

∂t(hX) + ∂x(hūX) +∇sgn Q− S(h) = 0

∇sgn·X = 0

Semi-discrete form
hn+1/2 − hn

∆t
+ ∂x(hnun) = 0,

(hX)n+1/2 − (hX)n

∆t
+ ∂x (hnunXn) = S(hn),
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(hX)n+1 − (hX)n+1/2
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+∇sgn Qn+1 = 0,
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Choices

Mixed formulationXn+1 +
∆t

hn+1/2
∇sgn Qn+1 = Xn+1/2,

∇sgn·Xn+1 = 0.

Projection-correction formulation
−∇sgn·

(
1

hn+1/2
∇sgn Qn+1

)
= − 1

∆t
∇sgn·Xn+1/2,

Xn+1 = Xn+1/2 − ∆t

hn+1/2
∇sgn Qn+1.
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Fully discrete scheme #1

Mixed formulation
hn+1/2

∆t
Xn+1 +∇sgn Qn+1 =

hn+1/2

∆t
Xn+1/2,

∇sgn·Xn+1 = 0.

Colocated scheme

1

∆t
HXn+1 + BQn+1 =

1

∆t
HXn+1/2 − 0̂

§ H ∈M3N,3N(R) is block-diagonal with block entries Hi = h
n+1/2
i

§ B =


B11 B12

0 −IN
−2
√

3IN
√

3IN

 ∈M3N,2N(R) one-to-one
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Fully discrete scheme #1

Mixed formulation
hn+1/2

∆t
Xn+1 +∇sgn Qn+1 =

hn+1/2

∆t
Xn+1/2,

∇sgn·Xn+1 = 0.

Colocated scheme H/∆t B

BT 0

 Xn+1

Qn+1

 =

 HXn+1/2/∆t − 0̂

0̃

 .

Resolution by means of the Uzawa method.
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Fully discrete scheme #2

Projection-correction formulation
−∇sgn·

(
1

hn+1/2
∇sgn Qn+1

)
= − 1

∆t
∇sgn·Xn+1/2,

Xn+1 = Xn+1/2 − ∆t

hn+1/2
∇sgn Qn+1.

Colocated scheme

§ Strategy #1: direct discretisation

§ Strategy #2: inferred from the mixed formulation

BTH−1
BQn+1 =

1

∆t
BTXn+1/2 − BTH−1

0̂− 1

∆t
0̃
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)

z = zα−1/2(t, x)

z = zα+1/2(t, x)

h(t, x) hα(t, x)

x

z

Height decomposition: hα(t, x) = h(t,x)
L
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Non-hydrostatic multilayer model

∂th + ∂x (hū) = 0 ū =
L∑
α=1

`αūα

and for α ∈ {1, . . . , L}

∂t(hαūα) + ∂x
(
hαū

2
α + hαq̄α

)
+ ũα+1/2Υα+1/2 − ∂xzα+1/2qα+1/2

− ũα−1/2Υα−1/2 + ∂xzα−1/2qα−1/2 = −ghα∂xη

∂t(hαw̄α) + ∂x (hαūαw̄α) + w̃α+1/2Υα+1/2 + qα+1/2 − w̃α−1/2Υα−1/2 − qα−1/2 = 0

∂t(hασα) + ∂x (hασαūα) = 2
√

3

[
q̄α −

qα+1/2 + qα−1/2

2

−Υα+1/2

(
hα∂x ūα

12
+

w̃α+1/2 − w̄α

2

)
+ Υα−1/2

(
hα∂x ūα

12
+

w̄α − w̃α−1/2

2

)]
together with diagnostic equations

2
√

3σα + hα∂x ūα = 0, w̄α+1 − w̄α − (ūα+1 − ūα)∂xzα+1/2 −
√

3(σα+1 + σα) = 0

w1 − u1∂xzb −
√

3σ1 = 0 qL+1/2 = 0
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Non-hydrostatic multilayer model

∂th + ∂x (hū) = 0, ū =
L∑
α=1

`αūα,

and for α ∈ {1, . . . , L}

∂t(hαXα) + ∂x (hαūαXα) + Υα+1/2X̃α+1/2 −Υα−1/2X̃α−1/2 +∇αnhml Qα − Sα(h) = 0

∇αnhml ·Xα = 0

where X̃α+1/2 = γα+1/2X−
α+1/2

+ (1− γα+1/2)X+
α+1/2

.

Energy (in)equality Provided that γα+1/2 = 1
2

[1 + λ sign(Υα+1/2)] for λ ≥ 0:

∂t

[
L∑
α=1

hα

(
ū2
α + w̄2

α + σ2
α

2
+ gzα

)]
+ ∂x

[
L∑
α=1

hαūα

(
ū2
α + w̄2

α + σ2
α

2
+ gη + qα

)]
≤ 0
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Conclusion

§ Achievements

à Comparisons between different formulations of the same model
à Derivation of a class of multilayer non-hydrostatic models as

semi-discretisations of the Euler equations
à Analysis of physical properties (energy, hydrodynamic balances, dispersive

effects)

§ On-going works

à Boundary conditions
à Efficency of the numerical methods: extensions to 3D and multilayer cases

(CEMRACS 2019)
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