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Fluid domain

z = zb(x)

z = η(t, x)

H(t, x) u = (u,w)
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Euler equations

Model 
∂x u + ∂z w = 0

∂tu + ∂x (u2 + p) + ∂z (uw) = 0

∂tw + ∂x (uw) + ∂z (w 2 + p) = −g

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Boundary conditions

∂tη(t, x) + u
(
t, x , η(t, x)

)
∂xη(t, x)− w

(
t, x , η(t, x)

)
= 0

p
(
t, x , η(t, x)

)
= patm(t, x)

u
(
t, x , zb(x)

)
z ′b(x)− w

(
t, x , zb(x)

)
= 0

together with well-prepared initial conditions

Pressure fields p(t, x , z) = patm(t, x) + g
(
η(t, x)− z

)
+ q(t, x , z)
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Discontinuous Galerkin framework

Let us be given a velocity field satisfying

[[u]]α+1/2 · nα+1/2 = 0 ⇐⇒ [[w ]]α+1/2 = [[u]]α+1/2∂x zα+1/2

Toy model
∂tR + ∂x (uR + P) + ∂z (wR + Q) = S (1)

where R, P, Q and S take values in Rp

Semi-discrete formulation over each layer Lα = (zα+1/2, zα−1/2)

∂t(hαRα) + ∂x (hα[uRα + Pα]) + FR
α+1/2 −FR

α−1/2 = hαS α

where

FR
α+1/2 = Υα+1/2R̃α+1/2 − P̃α+1/2∂x zα+1/2 + Q̃α+1/2

Υα+1/2 = w̃α+1/2 − ∂tzα+1/2 − ũα+1/2∂x zα+1/2
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Main idea

Discontinuities across layer interfaces allowed provided jump conditions

∂tZ[[R]]z=Z + ∂xZ[[uR + P]]z=Z − [[wR + Q]]z=Z = 0

or equivalently
Υ[[R]]− ∂xZ[[P]] + [[Q]] = 0

Integrating Eq. (1) over a layer Lα yields

hα〈S 〉α = ∂t(hα〈R〉α)−R−α+1/2∂tzα+1/2 + R+
α−1/2∂tzα−1/2

+ ∂x (hα〈uR + P〉α)− (u−α+1/2R
−
α+1/2 + P−

α+1/2)∂x zα+1/2

+ (u+
α−1/2R

+
α−1/2 + P+

α−1/2)∂x zα−1/2

+ w−α+1/2R
−
α+1/2 + Q−α+1/2 − w +

α−1/2R
+
α−1/2 + Q+

α−1/2
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Spaces of approximation

qα−1/2, ũα−1/2, w̃α−1/2

qα+1/2, ũα+1/2, w̃α+1/2

z = zα−1/2

z = zα

z = zα+1/2

w+
α−1/2

w−
α+1/2

wα

uα, qα

u(t, x) =
L∑

α=1

uα(t, x)1{Lα(t,x)}(z) + EL

w(t, x) =
L∑

α=1

[
wα(t, x)−

(
z − zα(t, x)

)
∂x uα(t, x)

]
1{Lα(t,x)}(z) + E ′L

q continuous over the water column
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Core of the models

Applying the previous semi-discretisation to the Euler equations leads to
∂thα + ∂x (hαuα) + Υα+1/2 −Υα−1/2 = 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

with Uα+1/2 = ũα+1/2Υα+1/2 − ∂x zα+1/2qα+1/2

Wα+1/2 = w̃α+1/2Υα+1/2 + qα+1/2

and
Υα+1/2 = w̃α+1/2 − ∂tzα+1/2 − ũα+1/2∂x zα+1/2
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where u =
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Requirements for the P1 choice

Additional equation

∂t(zw) + ∂x (zuw) + ∂z

(
z(w 2 + q)

)
= w 2 + q.

which is discretised as

∂t(hα〈zw〉α) + ∂x (hαuα〈zw〉α) + F zw
α+1/2 −F zw

α−1/2 = hα
〈
w 2 + q

〉
α
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α−1/2 = hα
〈
w 2 + q

〉
α

Let us introduce the signed standard deviation σα = − hα∂x uα
2
√

3
such that

〈
w 2
〉
α

= w 2
α + σ2

α, 〈zw〉α = zαwα +
hασα

2
√

3
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h2
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√

3

)
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ασαuα

2
√

3

)
+ zα+1/2(w̃α+1/2Υα+1/2 + qα+1/2)− zα−1/2(w̃α−1/2Υα−1/2 + qα−1/2)

= hα
(
w 2
α + σ2

α + qα
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2

−Υα+1/2

(
hα∂x uα

12
+

w̃α+1/2 − wα

2

)
+Υα−1/2

(
hα∂x uα

12
+

wα − w̃α−1/2
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)]
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Requirements for the P1 choice (S1/2 model)

Additional equation

∂t(zw) + ∂x (zuw) + ∂z

(
z(w 2 + q)

)
= w 2 + q.

which is discretised as

∂t(hα〈zw〉α) + ∂x (hαuα〈zw〉α) + F zw
α+1/2 −F zw

α−1/2 = hα
〈
w 2 + q

〉
α

Rather using a Hermitte interpolation leads to

zw|Lα ≈ zαwα + (z − zα)(wα − zα∂x uα), w 2
|Lα ≈ w 2

α − 2(z − zα)wα∂x uα
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+ Υα+1/2

(
zα+1/2w̃α+1/2 +

H2

4L2
(̃∂x u)α+1/2

)
−Υα−1/2

(
zα−1/2w̃α−1/2 +

H2

4L2
(̃∂x u)α−1/2

)
= hα

(
w 2
α + qα

)
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Requirements for the P1 choice (S1/2 model)

Additional equation

∂t(zw) + ∂x (zuw) + ∂z

(
z(w 2 + q)

)
= w 2 + q.

which is discretised as

∂t(hα〈zw〉α) + ∂x (hαuα〈zw〉α) + F zw
α+1/2 −F zw

α−1/2 = hα
〈
w 2 + q

〉
α

Then

qα =
qα+1/2 + qα−1/2

2
+ Υα+1/2

(
H

4L
(̃∂x u)α+1/2 +

w̃α+1/2 − wα

2

)
−Υα−1/2

(
H

4L
(̃∂x u)α−1/2 +

wα − w̃α−1/2

2

)
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S1 model

∂tH + ∂x

(
Hu
)

= 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

∂t(hασα) + ∂x (hασαuα) = 2
√

3

[
qα −

qα+1/2 + qα−1/2

2

−Υα+1/2

(
hα∂x uα

12
+

w̃α+1/2 − wα

2

)
+ Υα−1/2

(
hα∂x uα

12
+

wα − w̃α−1/2

2

)]

∂x uα +
w−α+1/2 − wα

hα/2
= 0 σα = −hα∂x uα

2
√

3

w +
α−1/2 − uα∂x zα−1/2 +

α−1∑
β=1

∂x (hβuβ) = 0
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S1/2 model

∂tH + ∂x

(
Hu
)

= 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

qα =
qα+1/2 + qα−1/2

2
+ Υα+1/2

(
H

4L
(̃∂x u)α+1/2 +

w̃α+1/2 − wα

2

)
−Υα−1/2

(
H

4L
(̃∂x u)α−1/2 +

wα − w̃α−1/2

2

)

∂x uα +
w−α+1/2 − wα

hα/2
= 0 σα = −hα∂x uα

2
√

3

w +
α−1/2 − uα∂x zα−1/2 +

α−1∑
β=1

∂x (hβuβ) = 0
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S0 model

∂tH + ∂x

(
Hu
)

= 0

∂t(hαuα) + ∂x

(
hαu2

α + hαqα
)

+ Uα+1/2 − Uα−1/2 = −hα∂x (gη + patm)

∂t(hαwα) + ∂x (hαuαwα) +Wα+1/2 −Wα−1/2 = 0

qα =
qα+1/2 + qα−1/2

2

wα − uα∂x zα +
α−1∑
β=1

∂x (hβuβ) +
1

2
∂x (hαuα) = 0

Yohan Penel (ANGE) Non-hydrostatic multilayer models -

14 / 21



1. Introduction 2. Derivation of the hierarchy of models 3. Energy 4. Linear wave analysis 5. Conclusion

Energy inequality

Denoting K = u2+w 2

2 , smooth solutions to the Euler equations satisfy

∂t

(∫ η

zb

(
K + g

η + zb

2
+ patm

)
dz

)
+ ∂x

(∫ η

zb

u(K + q + gη + patm) dz

)
= H∂tpatm.

Proposition

Let us assume that
(
γα+1/2 − 1

2

)
Υα+1/2 ≥ 0. If (H, uα,wα, qα) are smooth

solutions to the S1-model, then with Kα =
u2
α+w 2

α+σ2
α

2

∂t

[
L∑

α=1

hα
(
Kα + gzα + patm

)]

+ ∂x

[
L∑

α=1

hαuα
(
Kα + qα + gη + patm

)]
≤ H∂tpatm.
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Comment

Constraint
(
γα+1/2 − 1

2

)
Υα+1/2 ≥ 0 is equivalent to taking

γα+1/2 =
1

2

(
1 + λ sign(Υα+1/2)

)
for any λ ≥ 0, which gives

R̃α+1/2Υα+1/2 =
R+
α+1/2 + R−α+1/2

2
Υα+1/2 −

λ

2
|Υα+1/2|

(
R+
α+1/2 −R−α+1/2

)
.

The energy inequality is satisfied in particular for γα+1/2 = 1
2 (λ = 0) and for

γα+1/2 = 1{Υα+1/2≥0} (λ = 1).

Yohan Penel (ANGE) Non-hydrostatic multilayer models -

16 / 21



1. Introduction 2. Derivation of the hierarchy of models 3. Energy 4. Linear wave analysis 5. Conclusion

Hydrodynamic balances

Proposition

Let (H, uα,wα, qα+1/2) be smooth solutions to the S1 model. Then

§ The conservation of global volume: ∂t

(∫
R

H(t, x) dx

)
= 0

§ The balance of horizontal momentum:

∂t

(∫
R

H(t, x)u(t, x) dx

)
= −

∫
R

[
H(t, x)∂x patm(t, x) +

(
gH(t, x) + q1/2(t, x)

)
∂x zb(x)

]
dx

§ The balance of vertical momentum:

∂t

(∫
R

H(t, x)w(t, x) dx

)
= −

∫
R

q1/2(t, x) dx
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Dispersion relations

Let us linearise around the so-called lake-at-rest steady state (H0, 0, 0, 0).

Proposition

There exists a plane wave solution
(

Ĥ, ûα, ŵα, q̂α
)

e i(kx−ωt) to the linearised S1

system provided the following dispersion relation holds

ω2 = k2c2
sw

〈
A−1

kH0
e, `
〉

where csw =
√

gH0, ` = (`1, . . . , `L) ∈ RL, e = (1, . . . , 1) ∈ RL and

Ax = IL + x2B, with Bαβ = −`
2
α

6
δαβ + `β

`max{α,β}

2
+

L∑
γ=max{α,β}+1

`γ
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2
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Phase velocity
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Conclusion

§ Summary

à Derivation of a class of multilayer non-hydrostatic models as
semi-discretisations of the Euler equations

à Proof of physical properties (energy, hydrodynamic balances, dispersive
effects)

§ On-going works

à Convergence of the dispersion relation
à Numerical simulations
à Incorporation of viscous effects
à Enriching the physics

E. Fernández-Nieto, M. Parisot, Y. Penel & J. Sainte-Marie, Layer-averaged
approximations for inviscid flow models (preprint).
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