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1. Introduction 2 bility 3. CFL 4. Simulation:

Issue

@ System of conservation laws modelling a physical phenomenon like in fluid
mechanics, ...
OW +V - -F(W)=0,
W(O, X) = Wo(X).

. Physical constraints: W € W/
m Maximum principle (Euler for incompressible fluids: density)

m Positivity (Euler for compressible fluids: density and pressure)
. These constraints must be satisfied:
m at the continuous level (relevance of the mathematical model)

m at the discrete level (robustness of the numerical scheme)
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1. Introduction

Euler equations for a 2D perfect fluid:

W = (p, pu, pE), F ="(pu, pu® u+ pI,(pE + p)u)

W2 + w2
W={WEeER*: p=Wi>0 et p=(y-1) |Wo— 25|50
W,
W/, ifX1<O,

Riemann problem: Wy (x) = {W x>0
ry IT X1 o

Rarefaction waves and vacuum (Einfeldt, Munz, Roe & Sjogreen, 1991):
@ po >0, u >0, Eo>u(2)/2
@ W) = (po, —potio, 0, poEo) and W, = (po, potio, 0, poEo)

4y
3y-1

@ |f Eo > u3, then density and pressure remain positive.

o  EVET]
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1. Introduction 2. Ac lity 3. CFL 4. Si

Positivity-preserving schemes

1st order
@ Einfeldt et al. (1991), Bouchut (2004)
@a Godunov, Rusanov, HLLs / Roe

2nd order: FV schemes + MUSCL strategy
- Scalar equations: Clain & Clauzon (2010), Calgaro et al. (2010)

m Modification of limiters
> Adaptation of the CFL condition

. Systems of conservation laws:

m .. monoslope reconstruction: Perthame & Shu (1996)
m .. multislope reconstruction: Berthon (2006)

e -5 ]
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1. Introduction 2. Admissibility 3. CFL 4. Simulations 5 sion

Positivity-preserving schemes

1st order
@ Einfeldt et al. (1991), Bouchut (2004)
@a Godunov, Rusanov, HLLs / Roe

2nd order: FV schemes + MUSCL strategy
- Scalar equations: Clain & Clauzon (2010), Calgaro et al. (2010)

m Modification of limiters
> Adaptation of the CFL condition

. Systems of conservation laws:

w .. monoslope reconstruction: Perthame & Shu (1996)

m .. multislope reconstruction: Berthon (2006)

Method based on the convexity of W

Adaptation of the reconstruction procedure

Addition of a fictitious state in each cell

Reformulation of the 2nd order 2D scheme as a convex combination of
1st order 1D schemes

e -5 ]

Y. Penel (CEREMA) MUSCL schemes for Euler



1. Introduction 2. Admissibilit 3 simulations 5. Conclusion

Finite volume schemes: 1st-order

Wit =WJ - A" Y 05l 2 (W7, W7, ny)

jeviyy 1441

CL schemes for Euler



1. Introduction 2. Admissibilit 3 simulations 5. Conclusion

Finite volume schemes: 2nd-order (MUSCL)

wrt—wr—ae 3 Vile (wr wr,ng)
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1. Introduction

Modification of Berthon’s strategy (2006)

F (WZx WJ,:: "U)

EEEee— s CVET]
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1. Introduction

Modification of Berthon’s strategy (2006)

p
rl n n

W;H'l = W:’ — At" :QJI.:F(W'J’WJ”"U)
L Jev(i)
f n |Q:*| * |QU| n

w! = Blw Wi

PV 2 W

| JEV(i)
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1. Introduction

Modification of Berthon’s strategy (2006)

_
rl n n
- - Bl
\ JEv(i)
f n |Q:*| * |QU| n
= SUw w

W= Wit 2 W

\ Jjevi
Wf’“ _ ||S§12i-||W? + %Wu
’ jeviy
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1. Introduction

Modification of Berthon’s strategy (2006)

W = W! — At” |r”|}'(WZ,W,"n"ij)
jeviny 141
4
f n |Q:*| * |QU| n
W, S _Wl + W’
| Z Qi ~*
| JEV(i)
e |97|W* + MWJ
i Qi 0 i E
( <2 JEV(i) &
_ A
[ W = W’ — Tl’[?(wn,vn,n) - f(W",W",ﬂ)] ]

for a suitable 1D flux 7 and a small enough time step At

o ——— e VET]
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1. Introduction

Modification of Berthon’s strategy (2006)

rl n n
Wit = WP - A :QJ,-:F(WU»WJH"U) ]
JEV(i)
|
W) = /W + (1-7)) > nyWj
\ Jevii

Jev(i)

([ Wit = Wi+ (1—n) > mWy }

[ W = W — %[}'(W",V",n) - F(W",W" n)] ]

for a suitable 1D flux 7 and a small enough time step At

e >  ———— W/
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1. Introduction

Modification of Berthon’s strategy (2006)

[ How to choose 7] and 7;? ]
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1. Introduction

Modification of Berthon’s strategy (2006)

[ How to choose 7] and 7;? ]

[ Accuracy J

!

Computation of
the additional
state W € W

!

[ “large” n} J
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1. Introduction

Modification of Berthon’s strategy (2006)

[ How to choose 7] and 7;? ]

[ Accuracy J [ Efficiency J
C tati f l
PRI @ Optimisation of
the additional he CEL diti
state W € W the condition

| l

[ “large” n} J [ “small” n} J
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1. Introduction

Modification of Berthon’s strategy (2006)

[ How to choose 7] and 7;? ]

[ Accuracy J [ Efficiency J
C tati f l
PRI @ Optimisation of
the additional he CEL diti
state W € W the condition

| l

[ “large” n} J ( Balance? J [ “small” nf J
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1. Introduction

Outline

© Introduction
© Admissibility
9 Computation of the time step

© Simulations

L
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Issue: ensure that W; € W

EZ Downstream triangle
Upstream triangle

Y. Penel (CEREMA) MUSCL schemes for Euler



Issue: ensure that W; € W

EZ Downstream triangle
Upstream triangle

§j =& +aye(r)§ —&),  rj= E-& —ijf,-
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Issue: ensure that W; € W

EZ Downstream triangle
Upstream triangle

Use of 7-limiters

1
A T = n’1|Jn a—ij €[1,2], 0< (r)<min(tr,7)
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Issue: ensure that W; € W

EZ Downstream triangle
Upstream triangle

Gradient with conservative variables

W;=W,;+AW;, AW, =« (U;+AU;) - W;
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2. Admissibility 3. (

Key-point of the procedure

The additional state must be physically admissible

Wi =W/ + AW,

Wi=r [W"—(l—n,) > mW }—W7——*T > AW}

jev(i) i
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Key-point of the procedure

The additional state must be physically admissible

Wi =W/ + 5 AW,

1—nt
—LBP > n AW
! JEV(i)

Wi = l* [W7_(1—777)ﬁf Z NUWZ-I =W/ -
i |_ jeviiy J

Bref01] = Wj=(1-pNW/+p [W]+AW]] eW
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Key-point of the procedure

The additional state must be physically admissible

Wi =W/ + I AW]

ijr

JEv(i) i jev(i)

«_ L . 1—n;
Wi = [W;,_(l_"]i)ﬂf Z UUWZ} =W[ - ——=8; Z njAW}
Bre0,1] = Wi=(1-BNW?+ B [W!+AW]] eW
Let us set
AW} =— Y~ n;AW]
jev(i

*
so that W = W7 + = gnAW?,

*
I

Choice of S prescribed by p? > 0 and p: > 0

o R  VET]
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Choice of ﬂ”

1—nt 1—nt
pj-‘>0<:)7>1( nﬁ’ﬂ;’) :=1+D;’[ *n’ﬂ,-"]>0
¢ :

1—n*
p}">04=)792< nﬁ’,sp) —1+B”[ nn’ﬂ"]—I—A"[ "'ﬁ"] >0

1

Ap,

I

Density Given D = , we derive a first condition:

+oo, if D" >0,

*
B < ,B,gp) ‘= min {1, M *'y,(p)} with 'y,-(p) = )
1—mn; — otherwise.

1

Pressure " < ) with ...

e N —  ECVET]
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3. CFL

Convex combinations

( A
1 Tl
Wit = W - A E o (W5, Wi, n;)
Jev(i)

(. J/
4 3
Wi = ni W+ (L= n) Y W) W =g W (=) Y W

JEV(i) JEV(i)
L J/
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3. CFL

Convex combinations

4 N
n+1 o n n |rU‘
Wt = W — At o (W5, Wi, n;)
e

|\ J
p

W) =n W, +(1-n/) E Wi Wi =W, + (1 —nf) )y mW;

JEV(i) JEV(i)
L J
4 N\
W; = Wj — At" § GuF (WhWionik), j € V()

SI

(u,k—
ij = Wik
Hij,k

W,-,-,k = W) — Atk [F(W), W k) — (W5, Wi,ng0)]
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1. Introduction 2. Admissibility 3. CFL 4. Simulations 5. Conclusion

Assumptions

Flux In addition to classical properties, we assume

At
V(V,W)eWw? W— - FW, V) = F(W, W) e W,
under the CFL condition Atmax|)\k(V W)| < agl.

CFL Condition

At" x max { p¥, max ik X A7 < ag
javiy | Fm 1 e H "o

A7 = max {Iuf - ng el + ¢y uf - ngl + ¢}
JEV(i)
1<k<4
Aim Choose 1! and (7;) such that At" is maximal, i.e. such that A7 and
max{u}, ik} are minimal.

I
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1. Introduction 2

Constraints

Sign
@ pjj >0, p; >0
w (k>0

Consistency of the decomposition
@ 0;iiio = NikCik,4
w (1= n )i =ni ¢

Iy
w (1= 7Yy = 1ol

kG
Y '-’_’:]_, _’i:]_

4
w Y G =0
k=1
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Resolution

, Il - -
With X = (jp1 < Xmax := ——————— for some jo € V(i), we have
ot S Koo = Ty T IS0}
T3] mip o Al (1= n7 )i T3
Ga=hi Ty, o TRy o Dl
P Tl S [ B 1 D2 (1= )my |l
M; Gij 1 Nij M; Gijx 1 Mij
o= —2 = — 22X, (ja= ¢ = - ==X
’ ni LA =n)IU Tyl ! ni L =n)IU Tyl
10T X iy « 10 (1 = nf)ni,
ik = _ 2h (18T ;| — 2|, uh = A U T
k= T mgle] gl mg (o0~ ATl = e
opt . . * .
i o 85 MO0 et a0

I —
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Resolution

Optimisation The optimal coefficient reads

2 T3] _
e max ——, if nf > nf,
(1 —n5)|Qi| jev(iy mj
opt
wit(nf,my) =

|89 . 2Tyl mylosul\ | e\
* (1 — _
ol LSHT ey~ ety ) T 16T

An optimal bound for the solution is given by

1 Iyl 69|
opt * y

i f g — =3 :
! (77, 3 |6$2,~|> 1€2i]

e N/
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250

t
P

[| ==~ Optimal

—— V()
o IT 0
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1. Introduction 2. Admissibili

Algorithm

Q lteration 0: computation of 7; and u{®*
@ lterations n > 1: computation of
m local gradients AW

m intermediate gradient AW} = — Ejev(i) iAW

[ ﬁln — mln{l 119(10 1,0(!’)}
m reconstructed states Wi = W/ 4 BTAW/; and
Wi =W/ 28] Y mAW]
JEV(i)
m eigenvalues and time step

o
opt>\n

At" =

w updated state W7

I R
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roduction 2. Admissibility 3. CFL 4. Simulations 5. Conclusion

BETA
:

08
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0.4
0.285050005
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4. Simulations

1-2-3 test case
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4. Simulations

1-2-3 test case
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4. Simulations

1-2-3 test case

09

08

07
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1. Introduction 2. Admissibility 3. ( Simulations 5. Conclusion

Perspectives

Done

v Analysis of robustness of general MUSCL strategies

v~ Derivation of (sufficient) conditions to preserve positivity and entropy

inequalities

v Explicit CFL conditions

v Direct extension to 2nd-order in time (RK2)
v Easy adaptation of industrial codes
B

C. Calgaro, E. Creusé, T. Goudon & Y. Penel, Positivity-preserving schemes
for Euler equations: sharp and practical CFL conditions (J. Comput. Phys.,
234, 2013).

To do

@ |nfluence of the numerical flux on g/

@ Application to other systems of conservation laws

cc—/————————————— /]
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